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a b s t r a c t
This paper presents a model of actuarial loss events that follow a progressive censoring
scheme. Loss events aremodelled according to this scheme regarding the claimnumber and
size. Claim events at random time points are assumed to happen progressively in a given
period due to each of an m number of claims that occur due to hazardous events, while a
fixed number of n claims are anticipated to take place in total. Distribution of the resulting
total loss amount is derived, and according to its properties, some risk management issues
about reserves and solvency are discussed.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Distribution functions about some individual or collective loss amounts are the most essential probability models for
actuarial risk analysis. A total claim amount S for a portfolio of an insurer is such a random quantity that knowing and using
its distribution function is a must to compute the ruin probabilities or some other risk related quantities. Therefore, the risk
management strategies of insurance companies primarily concentrate on the distribution function F(s) of S, its characteristic
features like its moments and its tail behaviours around the large S values.
In that respect, one canmention the value at risk of order p, VaR(p), as one of themost widely used risk measures, which
is actually the p-th order quantile of the distribution function F(s) of S [1,2]. The actuarial aim of the use of VaR(p) and simi-
lar other risk measures is to guide the insurers in paying the claimed amounts to their policyholders, out of the reserves and
capitals that are properly set aside and allocated for their insurance business. Along these lines, solvency has become amajor
statutory insurance regulation in many countries in the last decade. Solvency relates to the sufficient amount of assets that
an insurance company has to have at the end of a specific time period, like a year, in order to cover its liabilities. The assets
of an insurance company are basically composed of technical reserves, which accumulate from premium income and are for
the insurance liabilities to be settled, and free reserves which are the excess of all the assets over the technical reserves that
protect the policyholders against adverse situations [3]. In regard of solvency and policy making issues, several assets based
ratios are utilized for evaluations. Among these ratios, the most widely used ones are the ratio of claim amounts and premi-
ums [4] and the solvency ratio. The solvency ratio is defined as the ratio of free assets over net written premiums [5, p. 132].
In this paper we attempt to derive a distribution function model for the total claim amounts under a censored claim
numbers observation scheme, and then to present an actuarial risk analysis, using the derived distribution function, on the
basis of assets and the solvency ratio of an insurance company in a given time period. Our motivation derives from the
realistic situation that, over certain time period, an insurance companymay face a number of consecutive hazardous events,
giving rise to a claim each time, which may be followed by progressive and independent occurrences of a further random
number of claims, which give rise to additional random claim amounts.
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The paper is organized as follows. The next section is about the censored observation scheme, the so-called progressive
type II censoring scheme, that is utilized for our claim numbers modeling. Section 3 explains the actuarial risk process,
that is composed of claim number and claim size processes, under the scheme of censored claim number observations. In
that section, the total claim amount distribution F(s) for the progressively occurring claim amounts is explicitly derived.
In Section 4, the basic moments of F(s) and some of their functions are calculated for further use in the analysis. Section 5
presents an actuarial risk analysis that emphasizes the reserves and solvency relations in terms of the surplus (reserves)
identity in the concerned risk process. The same section provides some computations and actuarial interpretations for policy
making about the reserves, premiums and safety loading in the risk management. In the conclusion section, more is said
about the implications of the proposed model and some further relevant research work is mentioned.
2. The scheme of progressive type II censoring
Progressive type II censoring is a design of experimental approach to the survival and life testing applications. In this
approach, an experimenter may terminate a life test before all n items put in the test fail, in order to save time and cost.
Therefore, the test is censored and the generated data are the exact failure times on the failed items, and the running times
on the non-failed ones. Some test items may be removed at different stages in the test for various reasons. This would lead
to progressive censoring. Under this scheme, n items are placed on test at time zero, and it is set that m failures are to be
observed. Immediately following the first failure, R1 surviving items are removed at random. Then, immediately after the
second observed failure, R2 surviving items are removed from the test at random, again. This process continues until the time
of them-th observed failure, and at this instance the remaining Rm = n− R1 − R2 − · · · − Rm−1 −m items are all removed
from the experiment (see [6]). The progressive type II censoring scheme has been studied by several authors. The studies
that are of interest for our work are those of [7–9]. Determination of the best censoring scheme (R1, R2, . . . Rm) according
to a chosen design criterion is an optimality problem [10]. Observing (R1, R2, . . . Rm) as a set of random variables rather
than making it predetermined, takes the progressive type II censoring approach beyond an optimal design of experimental
problems in further statistical applications. This is what this paper attempts, by taking this scheme and applying it, with
some modifications, for the purpose of actuarial risk modeling and analysis.
[11–15] investigated the progressive type II censoring in life testing applications with random removals. The common
features of their works are the following: n is fixed,m is preassigned, when any individual item is removed at the i-th failure
from the set of items in the test independent of the others but with the same probability p, Ri items are randomly removed
from the test, and these removals follow a Binomial distribution. Thus, the probability distribution of Ri is written as
P(Ri = ri|Ri−1 = ri−1, . . . , R1 = r1) =
n−m− i−1∑j=1 rj
ri
 pri(1− p)n−m− i∑j=1 rj ,
for 0 ≤ ri ≤ n−m− r1 − · · · − ri−1, i = 1, 2, . . . ,m− 1. The joint distribution of (R1, R2, . . . Rm−1) is [15];
P(R, p) = P(Rm−1 = rm−1|Rm−2 = rm−2, . . . , R1 = r1)..P(R2 = r2|R1 = r1)P(R1 = r1)
= (n−m)!
m−1∏
j=1
rj!(n−m−
m−1∑
j=1
rj)!
p
m−1∑
j=1
rj
(1− p)
(m−1)(n−m)−
m−1∑
j=1
(m−j)rj
.
As they show in their works, the lifetimes of the test unitsmay bemodelled by several distributions and further statistical
inference can be conducted for test times and system lifetimes.
In the following sections, an actuarial risk process will be proposed, inspired by the progressive type II censoring scheme,
described here. The content of the progressive censoring scheme will be expanded by the inclusion of loss amounts that are
realized due to the loss causalities.
3. Claim amounts under progressive censoring with binomial claim numbers (PC-BCN)
An insurer may anticipate for a future time period thatm claims out of n claims will occur such that in conjunction with
each of m claims, additional claims will be realized progressively. n is the overall number of total claims that is foreseen
reliably and preassigned. m is taken as a number of critical importance from the portfolio risk point of view. So that, at
the occurrence of the m-th claim, the risk is considered to have already reached a very high level, due to past experiences.
Abiding by the nature of an actuarial risk process, the number of claims in conjunction with m claims is assumed to be
random, so that their sum is random. Also assumed, is that this sum plus m is less than or equal to the overall number of
claims, n, in the concerned time period.
Let us consider a time period, like an accounting year, for an insurer, and within this time period let the random variable
Ri be the number of claims attached to a claim due to a hazardous event (fault) that occur at a random time Xi, 1 ≤ i ≤ m−1.
Assume that each of Ri claims produces a random claim amount Yij, 1 ≤ j ≤ ri. This scheme is graphically shown in Fig. 1
below as a risk process; where at the occurrence of them-th hazardous event, no progressive claims occur and the process
comes to an end.
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Fig. 1. A risk process under PC-BCN scheme.
Suppose that the claim amounts Yij’s are i.i.d. random variables with a known distribution. As an example case, we will
assume that Yij’s are distributed according to an exponential distribution with parameter β,
fY (y) = βe−βy, y > 0.
The claim amounts that progressively accumulate as hazardous events occur at random time points X1, X2, . . . , Xm−1 are
S1 =
R1∑
ıˆ=1
Yi, S2 =
R1+R2∑
ıˆ=1
Yi, S3 =
R1+R2+R3∑
ıˆ=1
Yi, . . . , Sm−1 =
R1+···+Rm−1∑
ıˆ=1
Yi.
The loss amounts due to each of m individual claims at the occurrences of hazardous events at random times Xi’s are not
included in these sums at this point, purely for simplicity in the distributional derivations for the progressive claims.
The distribution of S1 is obtained as
FS1(s1) = P {S1 ≤ s1} = P
{
R1∑
ıˆ=1
Yi ≤ s1
}
=
n−1∑
r1=0
P
{
R1∑
ıˆ=1
Yi ≤ s1|R1 = r1
}
P {R1 = r1}
=
n−1∑
r1=0
P {R1 = r1} P
{
r1∑
ıˆ=1
Yi ≤ s1
}
. (1)
Since Yi ∼ Exp(β),∑r1i=1 Yi has a Gamma(r1, β) distribution, then, the explicit expression for the distribution of S1 is
FS1(s1) =
n−1∑
r1=0
P {R1 = r1}
(∫ s1
0
βr1
Γ (r1)
yr1−1e−βydy
)
=
n−1∑
r1=0
(
n− 1
r1
)
pr1(1− p)n−1−r1
(∫ s1
0
βr1
Γ (r1)
yr1−1e−βydy
)
. (2)
Let us denote the integral in Eq. (2) by
I =
∫ s1
0
βr1
Γ (r1)
yr1−1e−βydy =
∫ βs1
0
zr1−1
(r1 − 1)!yr1−1 y
r1−1e−zdz =
∫ βs1
0
zr1−1e−z
(r1 − 1)!dz. (3)
It is known that the following equality holds true
∞∑
k=n+1
e−λλk
k! =
∫ λ
0
tne−t
n! dt, n = 0, 1, . . . , (4)
for real values λ > 0 and t [16, Chapter 1]. Utilizing this, expression (3) can be written as
I =
∫ βs1
0
zr1−1e−z
(r1 − 1)!dz =
∞∑
k=r1
e−βs1(βs1)k
k! , (5)
which can be written further as
I =
∞∑
k=r1
e−βs1(βs1)k
k! = 1−
r1−1∑
k=0
e−βs1(βs1)k
k! = 1− e
−βs1
r1−1∑
k=0
(βs1)k
k! . (6)
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Consequently, FS1(s1) is derived as
FS1(s1) =
n−1∑
r1=0
(
n− 1
r1
)
pr1(1− p)n−1−r1
(
1− e−βs1
r1−1∑
k=0
(βs1)k
k!
)
=
n−1∑
r1=0
(
n− 1
r1
)
pr1(1− p)n−1−r1 −
n−1∑
r1=0
(
n− 1
r1
)
pr1(1− p)n−1−r1
(
e−βs1
r1−1∑
k=0
(βs1)k
k!
)
= 1− e−βs1
n−1∑
r1=0
(
n− 1
r1
)
pr1(1− p)n−1−r1
(
r1−1∑
k=0
(βs1)k
k!
)
= 1− e−βs1
n−1∑
r1=0
(n− 1)!
r1!(n− 1− r1)!p
r1(1− p)n−1−r1
(
r1−1∑
k=0
(βs1)k
k!
)
, s1 ≥ 0. (7)
For notational simplicity, let Tj = R1 + R2 + · · · + Rj denote the total number of Binomial distributed progressive claim
numbers immediately after the occurrence of the j-th hazardous event. We obtain the distribution for T2 as follows;
P {T2 = t2} = P {R1 + R2 = t2}
=
t2∑
r1=0
P {R1 + R2 = t2|R1 = r1} P {R1 = r1}
=
t2∑
r1=0
(
n− 2− r1
t2 − r1
)
pt2−r1(1− p)n−2−r1−t2+r1 .
(
n− 2
r1
)
pr1(1− p)n−2−r1
=
t2∑
r1=0
(n− 2)!
r1!(t2 − r1)!(n− 2− t2)!p
t2(1− p)2(n−2)−r1−t2 . (8)
Then, the distribution function for S2 is derived:
FS2(s2) = P {S2 ≤ s2} = P
{
T2∑
ıˆ=1
Yi ≤ s2
}
=
n−2∑
t2=0
P
{
T2∑
ıˆ=1
Yi ≤ s2|T2 = t2
}
P {T2 = t2}
=
n−2∑
t2=0
P
{
t2∑
ıˆ=1
Yi ≤ s2
}
P {T2 = t2}
=
n−2∑
t2=0
(∫ s2
0
β t2
Γ (t2)
yt2−1e−βydy
)
P {T2 = t2}
=
n−2∑
t2=0
(
1− e−βs2
t2−1∑
k=0
(βs2)k
k!
)
P {T2 = t2}
= 1− e−βs2
n−2∑
t2=0
t2−1∑
k=0
(βs2)k
k! P {T2 = t2} , s2 ≥ 0. (9)
By proceeding similarly further, all the way to the occurrence of the (m− 1)′ st hazardous event with Tm−1 = R1 + R2 +
· · · + Rm−1, we get the probability function for Tm−1 as
P {Tm−1 = tm−1} =
tm−1∑
r1=0
tm−1−r1∑
r2=0
· · ·
tm−1−r1−r2−···−rm−3∑
rm−2=0
× (n− (m− 1))!
m−2∏
j=1
rj!(tm−1 −
m−2∑
j=1
rj)!(n− (m− 1)− tm−1)!
.ptm−1(1− p)
(m−1)(n−(m−1))−
(m−1)−1∑
j=1
(m−1−j)rj−tm−1
. (10)
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Knowing this, we derive the distribution function for Sm−1 as follows;
FSm−1(sm−1) = P {Sm−1 ≤ sm−1} = P
{
Tm−1∑
ıˆ=1
Yi ≤ sm−1
}
=
n−(m−1)∑
tm−1=0
P
{
Tm−1∑
ıˆ=1
Yi ≤ sm−1|Tm−1 = tm−1
}
P {Tm−1 = tm−1}
=
n−(m−1)∑
tm−1=0
P
{
tm−1∑
ıˆ=1
Yi ≤ sm−1
}
P {Tm−1 = tm−1}
=
n−(m−1)∑
tm−1=0
(∫ sm−1
0
β tm−1
Γ (tm−1)
ytm−1−1e−βydy
)
P {Tm−1 = tm−1}
= 1− e−βsm−1
n−(m−1)∑
tm−1=0
tm−1−1∑
k=0
(βsm−1)k
k! P {Tm−1 = tm−1} , sm−1 ≥ 0, (11)
where P {Tm−1 = tm−1} is given in Eq. (10).
The overall aggregate loss amount for the risk process is actually the sum of Sm−1 and the total of m number of random
loss amounts, denoted by random variable G, that are due to each individual claim arising at each time Xj, 1 ≤ j ≤ m. The
distribution function for this amount can be trivially obtained through a convolution operation under the assumption that
all the claim amounts are continuous and independent [17, p. 28–31]. Let the overall aggregate loss amount be denoted by
S˜ = Sm−1 + G. The distribution function of S˜ is obtained through the following convolution
F ∗ F1(˜s) =
∫ ∞
−∞
F1(˜s− sm−1)dF(sm−1),
where F and F1 are the distribution functions for Sm−1 and G, respectively.
4. Expected value, variance and skewness coefficient for the progressively accumulated claim amounts
Moments of the claim amount distribution and some of their functions are essential quantities for the calculation of risks
embedded in the risk process {S1, S2, . . .}. The ones that are required for the following sections of this paper are derived
here. First, the expectation and variance quantities are found:
E(Sm−1) = E
(
Tm−1∑
i=1
Yi
)
=
n−(m−1)∑
tm−1=0
E
(
Tm−1∑
i=1
Yi|Tm−1 = tm−1
)
P {Tm−1 = tm−1}
=
n−(m−1)∑
tm−1=0
E
(
tm−1∑
i=1
Yi
)
P {Tm−1 = tm−1}
=
n−(m−1)∑
tm−1=0
tm−1
β
P {Tm−1 = tm−1} , (12)
Var(Sm−1) = ETm−1 (Var(S|Tm−1))+ VarTm−1 (E(S|Tm−1))
= ETm−1
(
Var
(
Tm−1∑
i=1
Yi|Tm−1
))
+ ETm−1
(
E
(
Tm−1∑
i=1
Yi|Tm−1
))2
−
(
ETm−1
(
E
(
Tm−1∑
i=1
Yi|Tm−1
)))2
=
n−(m−1)∑
tm−1=0
Var
(
Tm−1∑
i=1
Yi|Tm−1 = tm−1
)
P {Tm−1 = tm−1}
+
n−(m−1)∑
tm−1=0
(
E
(
Tm−1∑
i=1
Yi|Tm−1 = tm−1
))2
P {Tm−1 = tm−1}
−
(
n−(m−1)∑
tm−1=0
E
(
Tm−1∑
i=1
Yi|Tm−1 = tm−1
)
P {Tm−1 = tm−1}
)2
, (13)
where P {Tm−1 = tm−1} is as shown in Eq. (10).
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Let K11 stand for the first, K22 for the second and K33 for the last terms in (13). Then,
K11 =
n−(m−1)∑
tm−1=0
Var
(
Tm−1∑
i=1
Yi|Tm−1 = tm−1
)
.P {Tm−1 = tm−1}
= 1
β2
n−(m−1)∑
tm−1=0
tm−1P {Tm−1 = tm−1}
= 1
β2
K1, (14)
where K1 is the expected value of Tm−1, that is
K1 =
n−(m−1)∑
tm−1=0
tm−1P {Tm−1 = tm−1}. (15)
Similarly,
K22 =
n−(m−1)∑
tm−1=0
(
E
(
Tm−1∑
i=1
Yi|Tm−1 = tm−1
))2
.P {Tm−1 = tm−1}
= 1
β2
n−(m−1)∑
tm−1=0
(tm−1)2 P {Tm−1 = tm−1}
= 1
β2
K2,
where K2 is the second moment of the distribution of Tm−1, and it is expressed as
K2 =
n−(m−1)∑
tm−1=0
(tm−1)2 P {Tm−1 = tm−1}. (16)
We can find the expression for K33 similarly as follows,
K33 =
(
n−(m−1)∑
tm−1=0
E
(
Tm−1∑
i=1
Yi|Tm−1 = tm−1
)
P {Tm−1 = tm−1}
)2
=
(
1
β
n−(m−1)∑
tm−1=0
tm−1P {Tm−1 = tm−1}
)2
.
In fact, K33 is the square of the expected value, then
K33 = 1
β2
K 21 . (17)
Hence, the variance of total claim amount Sm−1 is re-expressed simply
Var(Sm−1) = K11 + K22 − K33, (18)
that can be written more explicitly as
Var(Sm−1) = 1
β2
(K1 + K2 − K 21 ). (19)
Skewness coefficient of the claim amount Sm−1, by definition, is
γSm−1 =
E [Sm−1 − E(Sm−1)]3
[Var(Sm−1)]3/2
, (20)
where
E [Sm−1 − E(Sm−1)]3 = E(Tm−1)E [Y − E(Y )]3 + 3Var(Tm−1)E(Y )Var(Y )
+ E [Tm−1 − E(Tm−1)]3 [E(Y )]3 . (21)
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For Y ∼ Exp(β), the moments expressed above are calculated as follows;
E [Y − E(Y )]3 = 2
β3
,
E(Y ) = 1
β
,
Var(Y ) = 2
β2
. (22)
Note that,
E(Tm−1) = K1, (23)
and
Var(Tm−1) = K2 − (K1)2, (24)
so the last term in (21) is obtained as
E [Tm−1 − E(Tm−1)]3 = K3 − 3K2K1 + 2(K1)3, (25)
where K3, is the third moment of Tm−1;
K3 =
n−(m−1)∑
tm−1=0
(tm−1)3 P {Tm−1 = tm−1}. (26)
From all these, it follows that
E [Sm−1 − E(Sm−1)]3 = 1
β3
[
2K1 + 3(K2 − (K1)2)+ K3 − 3K2K1 + 2(K1)3
]
, (27)
which leads to the calculation of the skewness coefficient.
5. Risk analysis: Reserves and solvency ratio
In this section, we present an actuarial risk assessment analysis using the model, the distribution function and the
moments of the distribution function, all shown in Sections 3 and 4. The emphasis will be on the total claim amount due to
the Binomial distributed progressive claim occurrences Ri’s that may exert a large liability burden on an insurer, as the sum
of Ri’s gets larger, in conjunction with the burden coming from them number of individual claims in a given period. Let the
surplus identity
U = U0 + (1+Λ)Π − S (28)
denote the end of period reserve amount for a risk process that ends up with a claim amount Sm−1 accrued progressively
with the Binomial claim occurrences structure. For brevity, we will use S instead of Sm−1. Let us define,
U0: initial reserve
Λ: safety loading on premium
S: total claim amount due to Binomial claims
Π : net premium income [Π = E(S)]
Ur : ruin barrier.
Consider a time period for which it is supposed that all the features and assumptions of the risk process introduced
in Sections 3 and 4 hold true. In this period, let event {U − Ur < 0} denote a ruin situation due to S where Ur is the ruin
threshold predetermined by the insurer. Probability of ruin is defined as
ε = P {U ≤ Ur} = P {U0 + (1+Λ)Π − S ≤ Ur}
= 1− FS(U0 − Ur + (1+Λ)Π), (29)
and accordingly, probability of survival at the end of the concerned period is
1− ε = P {U > Ur} = FS(U0 − Ur + (1+Λ)Π). (30)
For practical purposes we can approximate FS(.) in Eq. (30) by using the standard normal distribution Φ . Here, we will use
the Normal Power (NP) approximation. Under this approximation the ruin probability ε can be also expressed as
ε = Φ(−yε) = 1− Φ(yε),
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Table 1
Reserve values for the given (n,m), β and p.
m n β = 0.5 β = 1 β = 3
p p p
0.05 0.50 0.90 0.05 0.50 0.90 0.05 0.50 0.90
3 3 6.2159 7.5523 7.5335 3.1079 3.7761 3.7667 1.0360 1.2587 1.2556
4 7.0394 9.3612 9.3844 3.5197 4.6806 4.6922 1.1732 1.5602 1.5641
5 7.6695 10.7353 10.7862 3.8348 5.3676 5.3931 1.2783 1.7892 1.7977
6 8.1995 11.8843 11.9556 4.0998 5.9421 5.9778 1.3666 1.9807 1.9926
10 9.8310 15.3822 15.4991 4.9155 7.6911 7.7496 1.6385 2.5637 2.5832
15 11.3517 18.5886 18.7243 5.6758 9.3809 9.3622 1.8919 3.0981 3.1207
20 12.5913 21.1631 21.2970 6.2957 10.5816 10.6485 2.0986 3.5272 3.5495
6 6 6.8830 7.5356 7.5326 3.4415 3.7678 3.7663 1.1472 1.2559 1.2554
7 8.0877 9.3874 9.3828 4.0438 4.6937 4.6914 1.3479 1.5646 1.5638
8 9.0078 10.7903 10.7840 4.5039 5.3952 5.3920 1.5013 1.7984 1.7973
10 10.4594 12.9829 12.9727 5.2297 6.4914 6.4863 1.7432 2.1638 2.1621
13 12.1537 15.5094 15.4931 6.0768 7.7547 7.7465 2.0256 2.5849 2.5822
15 13.1030 16.9094 16.8888 6.5515 8.4547 8.4444 2.1838 2.8182 2.8148
18 14.3572 18.7416 18.7145 7.1786 9.3708 9.3572 2.3929 3.1236 3.1191
20 15.1104 19.8322 19.8007 7.5552 9.9161 9.9004 2.5184 3.3054 3.3001
9 9 7.1937 7.5329 7.5326 3.5969 3.7665 3.7663 1.1990 1.2555 1.2554
10 8.6111 9.3835 9.3828 4.3056 4.6917 4.6914 1.4352 1.5639 1.5638
11 9.6924 10.7849 10.7840 4.8462 5.3924 5.3920 1.6154 1.7975 1.7973
12 10.5998 11.9538 11.9526 5.2999 5.9769 5.9763 1.7666 1.9923 1.9921
15 12.7706 14.7239 14.7218 6.3853 7.3620 7.3609 2.1284 2.4540 2.4536
17 13.9520 16.2154 16.2126 6.9760 8.1077 8.1063 2.3253 2.7026 2.7021
18 14.4909 16.8919 16.8888 7.2454 8.4459 8.4444 2.4151 2.8153 2.8148
20 15.4895 18.1390 18.1353 7.7447 9.0695 9.0677 2.5816 3.0232 3.0226
12 12 7.3598 7.5326 7.5326 3.6799 3.7663 3.7663 1.2266 1.2554 1.2554
13 8.9128 9.3829 9.3828 4.4564 4.6915 4.6914 1.4855 1.5638 1.5638
15 11.0890 11.9528 11.9526 5.5445 5.9764 5.9763 1.8482 1.9921 1.9921
17 12.7428 13.8875 13.8872 6.3714 6.9437 6.9436 2.1238 2.3146 2.3145
18 13.4605 14.7221 14.7218 6.7303 7.3610 7.3609 2.2434 2.4537 2.4536
19 14.1262 15.4934 15.4931 7.0631 7.7467 7.7465 2.3544 2.5822 2.5822
20 14.7493 16.2130 16.2126 7.3746 8.1065 8.1063 2.4582 2.7022 2.7021
15 15 7.4519 7.5326 7.5326 3.7260 3.7663 3.7663 1.2420 1.2554 1.2554
16 9.0961 9.3828 9.3828 4.5480 4.6914 4.6914 1.5160 1.5638 1.5638
17 10.3482 10.7840 10.7840 5.1741 5.3920 5.3920 1.7247 1.7973 1.7973
18 11.3973 11.9526 11.9526 5.6986 5.9763 5.9763 1.8995 1.9921 1.9921
19 12.3167 12.9727 12.9727 6.1583 6.4864 6.4863 2.0528 2.1621 2.1621
20 13.1440 13.8873 13.8872 6.5720 6.9436 6.9436 2.1907 2.3145 2.3145
where yε is the standard Normal distribution percentile corresponding to ε. Let Ur = 0, so that U is scaled and U0 will be
denoted by U for the clarity that the use of the subscript is not necessary. Through the Normal-Power approximation for
FS(s) [5], p. 129, [18,17]), we can write
U = yεσS −ΛΠ + 16γS(y
2
ε − 1)σS, (31)
where Π = E(S), σS is the variance of S, and γS is the skewness coefficient for S which are all calculated according to the
Eqs. (12), (13) and (20) in Section 4.
The U values are calculated for the fixed ruin probability ε = 0.05 according to Eq. (31), and are shown in Table 1 for
several values of (n,m), p, and β . Using the values in Table 1, the reserve level and Binomial claims probability relations are
graphically presented in Fig. 2.
As a major component of the assets of an insurance company, the reserve level is an important factor for the portfolio
risks. Here it is seen that, for a given value of m and n, the reserve U increases as the claim number probability p tends to
increase. For relatively large p, say p ≥ 0.5, the increase in U amounts levels off at its conceivable high levels. A high claim
number probability means that a large number of claims can occur at the early stages of the process, so the reserve level
reaches high levels quickly as p is increased and does not change much thereafter.
For a given value of n, it is seen that both the absolute value and the increments in the reserve level U decreases as
the number of claims m increases. The rate of decline in the growth or the reserve levels is large for a large claim number
probability p. On the other hand, for relatively small p, say 0.05 or 0.2, the reserve U tends to increase as p is increased, and
then the rate of this increase starts to decline since the expected number claims surges ahead with increasing p values.
On the other hand, it is observed that, for a given value ofm, the reserve level U increases, as n increases. The rise in the U
levels happens at larger rates for smallm values, in contrast to the large ones. This implies that,when the insurer underwrites
a large number of insurance policies, nmust be foreseen to be large, and the reserve level U becomes increasingly high.
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Fig. 2. Reserve values and Binomial claim probability relations.
Table 2
The relation between the number of claims and the solvency ratio.
p p
m n 0.05 0.20 0.50 0.70 0.90 m n 0.05 0.20 0.50 0.70 0.90
3 3 31.8764 10.0581 5.0348 4.1444 3.0848 6 6 15.2132 5.6077 3.8894 3.7756 3.7663
4 18.0498 6.0390 3.1204 2.5803 2.3698 7 8.9379 3.4620 2.4226 2.3515 2.3457
5 13.1103 4.5396 2.3856 1.9771 1.8159 8 6.6365 2.6415 1.8564 1.8018 1.7973
6 10.5122 3.7278 1.9807 1.6436 1.5095 10 4.6236 1.8990 1.3402 1.3005 1.2973
10 6.3019 2.3589 1.2818 1.0659 0.9785 13 3.3578 1.4143 1.0006 0.9708 0.9683
15 4.4780 1.7335 0.9533 0.7930 0.7274 15 2.8961 1.2328 0.8727 0.8466 0.8444
20 3.5873 1.4169 0.7838 0.6519 0.5976 18 2.4410 1.0507 0.7441 0.7216 0.7198
20 2.2265 0.9636 0.6824 0.6617 0.6600
p p
m n 0.05 0.20 0.50 0.70 0.90 m n 0.05 0.20 0.50 0.70 0.90
12 12 8.5340 4.1255 3.7682 3.7663 3.7663 15 15 7.2727 3.9419 3.7665 3.7663 3.7663
13 5.1675 2.5687 2.3469 2.3457 2.3457 16 4.4386 2.4552 2.3459 2.3457 2.3457
15 3.2146 1.6363 1.4948 1.4941 1.4941 17 3.3664 1.8814 1.7974 1.7973 1.7973
17 2.4627 1.2678 1.1579 1.1573 1.1573 18 2.7808 1.5642 1.4942 1.4941 1.4941
18 2.2297 1.1521 1.0521 1.0516 1.0516 19 2.4041 1.3583 1.2973 1.2973 1.2973
19 2.0475 1.0611 0.9688 0.9683 0.9683 20 2.1380 1.2119 1.1573 1.1573 1.1573
20 1.9003 0.9872 0.9012 0.9007 0.9007
We now dwell on the solvency issue for an insurance company through the solvency ratio that we set as the ratio of
reserves, U , and the written premiums,Π , for a portfolio in a given period. The relation between the solvency ratio and the
number of foreseen claim numbers in the risk process is shown in Table 2 for different values of (n,m), p and β . Several
combinations of n andm are considered. Form = 3, 6, 9 and 15, the corresponding choices of n are listed. Different values
of Binomial claim number probability such as p = 0.05, 0.20, 0.50, 0.70, and 0.90 are tried and the results are presented.
What is seen in the Table is also depicted graphically in Fig. 3.
As seen in Table 2 and Fig. 3 above; form and n given, the solvency ratio U/Π decreases as the claim number probability
p increases. This is considered as an indication of the increasing portfolio risk.For relatively large p, say p ≥ 0.5, the levels of
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Fig. 3. The behaviour of the solvency ratio with respect to the number of claims.
Table 3
Relations between the premium income and solvency ratio.
m Π n = 20, β = 0.5, p = 0.05 m Π n = 20, β = 0.5, p = 0.90
Λ = 0.00 Λ = 0.04 Λ = 0.10 Λ = 0.20 Λ = 0.00 Λ = 0.04 Λ = 0.10 Λ = 0.20
U/Π U/Π U/Π U/Π U/Π U/Π U/Π U/Π
3 3.5100 3.6273 3.5873 3.5273 3.4273 3 35.6400 0.6376 0.5976 0.5376 0.4376
6 6.7866 2.2665 2.2265 2.1665 2.0665 6 29.9997 0.7000 0.6600 0.6000 0.5000
9 8.0779 1.9575 1.9175 1.8675 1.7575 9 24.0000 0.7956 0.7556 0.6956 0.5956
Fig. 4. The behavior of the solvency ratio with respect to the premium income.
the solvency ratio form at smaller values as compared to the low p value situations. A high claim number probability implies
that there are a large number of claims that are expected, particularly at the early stages of the process, so the solvency is
low at the start, as well as the rate of decline in it, with respect to an increase in n.
For a given value of n, the solvency ratio U/Π tends to increase as the number of claimsm increases for a relatively large
probability p. On the other hand, for a relatively small p, say 0.05 or 0.2, the solvency ratio U/Π tends to decrease, since in
this case there would be very small number of claims even at the early stages of the process.
The numerical study determines further that, as the anticipated overall number of claims n in the portfolio increases for
a given value ofm, the solvency ratio U/Π tends to decrease. In general, as long as n is very large relative tom, the solvency
ratio declines. On the other hand, it is seen for the given values of n,m, and p that the solvency ratio does not drift much in
value in any significant magnitude as β increases.
Premium incomeΠ with safety loadingΛ is the main component of the assets of an insurance company. Therefore, the
relation between the premium income and the solvency ratio for different values of the loading on premiums is investigated.
For this purpose, the results of the related calculations are shown in Table 3 and Fig. 4 for some values of n,m,Λ, β and p.
It is seen in general that, as the premium income increases, the solvency ratio declines, and the declining values of the
solvency ratio is realized at comparatively lower values as the safety loading is increased. That is to say, that a very low
initial capital is sufficient to cover possible adverse situations if the premium income and safety loading are large enough. It
is determined, in particular, that ifm is increasing, larger values of the premium income are required for a risk-wise sound
insurance portfolio. It is important to note the dramatic shift up in the severity of the required increase in the premium
income when the parameter p of the Bernoulli distributed progressive claims is vastly increased.
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The overall actuarial policy implication of the results obtained in this section is clear. Given the ruin probability ε and
the reserves identity for U under the adopted progressive censoring scheme, the reserves and the premium income must
be kept higher as the Binomial distributed claim numbers and their probability parameter gets larger. The solvency ratio is
observed to be highly sensitive to the number of claims, both m and Ri, and the premium income. It declines drastically as
n,m andΠ go up, separately or together.
The reserves policy of an insurer needs to work in such a way that when the claim amounts are expected to be small,
due to the small β values that would lead to small net premium incomes, large reserve amounts are to be allocated for the
portfolio in order to keep the ruin probability ε at its fixed value. And, vice versa as β gets larger. The order of increase in
the reserve amounts as n increases depends on the largeness of the number of the hazardous events,m, as shown in Table 1.
The solvency is high for a portfolio when (n,m), p and β are all very small. This is essentially because of the low claim
amounts expected under these conditions. However, an insurer must be keen that larger reserves are kept for a portfolio
since, as (n,m) and p for it increase, irrespective ofβ values, sharp declines in the solvency ratio take place, as seen in Table 2.
It may seem surprising that as the premium income and safety loading get larger, the solvency ratio keeps declining.
Actually, while the reserves are kept at some predetermined levels, U/Π ratio would decline naturally, but it should be
noted that the rate of decline in the ratio is severe with respect to the increase in claim number m and the progressively
occurring claims which are attached to them. Therefore, for keeping ε at a preassigned value, the reserves must be large
when the claims, and thus the progressive claims, are anticipated to come into reality in large m and Ri numbers. An idea
about how much larger the reserve levels must be relative to the ascension inm numbers, for the given progressive claims
distribution parameter p and safety loadingΛ, is displayed in Table 3.
6. Conclusion
We have presented an actuarial risk analysis model about a circumstance that, for a given period, an insurer may
anticipate n overall number of claims, out of which the firstm number of critical claims,m ≤ n, occur at random time points,
one by one, such that, in conjunction with each one Ri, 1 ≤ i ≤ m−1, independent number of claims occur progressively. It
is assumed that the claim amounts due tom number of claims and all the Ri number of claims are independent between and
among themselves.Wehave derived the distribution function for the total claim amounts for this case, that has led us further
to carry out the implied risk assessments with respect to the policy issues regarding the reserve levels and solvency ratios
under a fixed ruin probability concern. Due to the predetermined disposition of n and the cease of observing claims after
the m-th hazardous event, in the background of the presented model there lies a progressive censoring scheme regarding
the claim occurrences Ri’s for which we have assumed a Binomial distribution model.
The findings indicate that both (n,m) pairs and the loss amounts due to the progressively occurring claims, sharply affect
the portfolio risks in a negative manner as they increase. This becomes tangible in terms of the solvency ratio figures that
are shown in the numerical illustrations of the paper. It is also shown that arranging the reserve amounts, in composition
of technical reserves and free assets at sensible levels, is a truly protective measure against the portfolio risks. Albeit, the
same is always true for all the possible adverse fluctuations in the insurance risk processes that threaten the insurers and
policyholders from the point of view of solvency.
The results of this paper can be easily extended to the cases that include deduction and stop-loss policy issues, as well,
in the model.
A further research direction,with theoretically andpractically useful results,would be tomake themodel flexible through
the relaxation of the independence assumptions here, regarding the claim occurrences and the loss amounts, among and
between themselves. Another line of research that can be followed is to expand the model by considering the random time
durations between the hazardous events. Answers about the time of ruin and the bounds on ruin time probability can be
found in this attempt. It is obvious that a number of optimality problems can be tackled with respect to policy issues, such
as deductions, retention limits, premiums and the number of underwritten policies, as well as the (n,m) pair in censoring
scheme. For all these, several distributional models for the claim numbers, claim amounts and inter-arrival times between
the claim occurrences can be considered, too.
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